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ABSTRACT

This paper considers a class of variable metric methods for uncon~ 
- ;  - nec

minimization. Without requiring exact line searches it is shown that , ~~~~

appropriate assumptions on the function to be minimized, each algorithm i’~ - :

class converges globally and super1inearly~
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SICNIFICANCE AND EXPLANATION

Many practical problems in operations research may be reduced to minimizing

a function with or without contraints. By means of penalty functions and similar

techniaues a constrained minimization problem can be converted into a sequence of

unconstrained minimization problems. In this paper we discuss a class of algorithms

for unconstrained minimization problems which converge rapidly to the solution from

a starting point which is not necessarily a good approximation to the solution of

the given problem .
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GL.OHAL AN D SUPERLINEAR CONVERGENCE

OF A ~~~~~~ OF VARIABLE MtI’RI C METHODS

K l a u s  R it te~

1. Introduction

Variable metric methods have been used successfully for iteratively c a l c u l a t i t i t

mation to the least value of a function F(x) of ii variables. A variahie nit~t i . t

simul taneously generates a seauence of points lx .) and a sequence of matrices ~II t i l l )  l i i i

each iteration a correction matrix of rank one or two is added to H . wi th the in ten t t o  si

struct an approximation to the iT l vt ’r t ’ H es s i a n  matrix ot 1 (x)

A large class of such methods has been introduced by Huanq (9) . This  c l a ss  - it  0 t h - . sym—

metric and unsyusnetric matrices H.. A restriction of the Huanq class to update formulas w h i c h

are of rank two , satisfy the quasi-Newton eauation and maintain the symmetry of II , le ast ; t -

class of methods proposed by Broyden I l l and Fletcher (71. Two wel l -know menib et s st t h i ;  c l i ,

are the f)avidon-Fletcher-Powell-method (DFP - method) , ( 4 ) ,  ( 6 1 ,  and the  Rr oy c k n-F ) et c h e t-

Goldt arb—S hanno—method  (BEG S — method) , ( 2 )  , ( 7 )  , 18) , 1161

The f i r s t  genera) global convergence result is due to Powell 1121 . (it ) who p o v ~’t  t h at ,

if F(x) satisfies certain assumptions and if the optimal step size is used , the PEt —

onverqes superlinearly t o  a global minimizer of F(x) . In (5) Dixon showed t h a t  undet  t i  t i n ;

condi t ions  t it,’ methods in the I’uanq class generate the same sequence {x~~} if t h t v ~ t e s ta t  t ‘1

w i t h  the same i n i t i a l  x
0
, lI~ and if the optimal sten size is used . Under  t he  i l t a l  i~~~ ’st

• a s sumpt ion  of an o t t  ima l step size these two r e s u l t s  nrovide t h i t e f o t  e a -ornplt ’t e cofl\’ e)  , l e f l, • s ’

t h t - s ’ t  v . In  t r a c t  ice , however , it is in general not possible to use an opt imal s t  i p  size . T) ts ’t t ’ —

t ot e ’ , i t is important to establish global converqcnce for a non—opt ima) st t ’) s i ze .

& ) ne’ such resu l t  was obtained by Lenard 110) who qeni .ra l  i zed Powell ‘s s’Ot iVei  iOns  i i  5 )

t h e  prr — method . Another r esu l t  is du~ to Powell 1141 who proved t h a t  t he p~’ ;;; - met h i d  on —

v . t  ~,s  supe r l i n e a r l y  w i t h  a step size pt ocedut-e that eventually re.sul t a in a st e~ s ;‘e e p i c I t o

one.

U s I n g  at  so a non—opt iflis) sten size St s’t ( 1 7 )  showed that every met his) iii ~ sot - I c~~’- ‘I t is-

It royden s - I  ass; t he so—ca) led t t i ;  t t is -t ed  H oy den—methcsis , converges n — s t  i t ’  t i t i t  it  t a I I v  f i t

;;piirsoresl by t h e  U n i t ed  States Army under Contract  No.  I AG2 ’)— 7 5— ( ’— 110 24 .
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. - v s - i ~~ I’s s 5 l  t c v , - ,i.’t I n tl -I s i l t  I flO mat i i s  I t  a t ist  s ’v. ’i V i t c ~ t lal value x
0 

suff i t  s l i t ly c i s c,.

t o  a m i n i m i z e r  z s i t  F ( x l

I i  i t  i s ;  t , . ’sum , - sl t h a t  t-s — ’t Ii x ansi I i ~ • t ) e’ s u f f i s  t c n t _ 1~ ’ 105% ’ I s - s  z and the i t i ’s’t t ;

lIc ~- s - i os C i t  i S  ‘i 1- ( x l  c t  , t . ’- )’ s - s - t  iv . ’ lv  , then i t  f i s t  l s c w , s  f r ~~s r es u l t s  cDt a l l i e s )  liv i i t s n  Is -n

s - n h ; ; -  i t ; - t  M s c t e ’ I 1) t h a t  t i c  li l t — mt - i  h ’ 5) ansi th e pI-’s;s — method -s-snver qe super I in ear l y  l i i

S i  t I  i —~~‘ t

I t  i~~ t l i t  ~ ;i t~~’oc;e ’ s -s t  t h i -  I 5 .iI5’t to  sh ow t h a t  w i t h  an apnropr ia te  non—optima l step s ize

s ’Vt’ t  y mt’t hod i t ;  t ho l i t  c c - I ~ ’t ;  - I  a s s  -s c i cnve  l iO5~ ii lobal ly and suner linearly provided F (x) ~at  i s  I let;

- ct  I i t t ;  assumpt i ot i s .  i n  t ; s ~ npx t cO’ ; t  ion we der ive a repre sen ta t ion  of the m a t r i x  H a s  a

;;un ‘1 Ii m a t r  i s , ’.; s i t  rank I . t h i s ;  l e i ’ l  es sen t at ion  allows its to study the deoendence oh It .

s i ;  t h e ’ t a i  . cmet e l .  i t ~~t -s st i n  i t ; . - upd a te  f o r m u l a  for II and leads to a simp le proo f of Di  X sc t i  ‘ S

t ’s U I t  . Iii S e t  ton 1 ci leh.i 1 s ot i v t ’t  s h t ’ f l s ’e iS  estab i i stied . The pt-on1 is based on a qenei- .-i I i  z i t  I s

- c i  I’ s c wt ’ i l ’ s ~~i cot t e l  t l ie itFs;S — method .  In the f i n a l  section i t  is shown tha t  the sesi ; t t c l i c c ’

• c c  l ;ve’i~~ ,’. s ;u p.’i I i  ni -a i  I v and that t h e  Sesluc’lis t’ s; I In 1 I and ( In ;’ are bout i stes s t .

H

L. 
_ _ _ _  ~~~~~~ _ _  
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1
Basic j ’ r Qr c t t L e. s  - i t  va r i a b l e  met t i c  method ’~

Let x e F~ .tl;,t let Fix ) be a teal—valued t i t l i s t t ott . I f  F(s) is  twice .li t ferent t a t  It’

- 

- 
at a ~

- s -s t i ; t  x ,  we deüote the gradient and t h t~ Hessian  mat l - iK  ot F(s) at x Icy -’ FiX t

— ati~t & • i ;t x l , respect i v e l v.  A i - i  ICe I S  used tot the transpose of a vector s -s t  a matrix. Ec u

any x • x shel l s -st  es the Eu,- I t~te’alt not-C of x.

i~ .’ O t i S  I s l O l  t he  ~st -ehlem s- s t  ~1et.e t -mj n i  n~t a Vt’ s ’t .~~ z such tha t

F ( z )  ~~ F t x )  t o t  a l l  *

For I at ci  ‘is  t o t  oitc ,~ we fot-mu late the tolls-sw i no assunq-st ion .

ils.otmjt ton I

F ( x l  is a convex fun ction . There eX~ sts an x such that the sOt
V Si

— i x ~~p ’(x  F i x 0
) ~

i s  t - s O U l i s t t’.i , and .sst ~-I i  that Fix) is twice cont i nuous 1 v di f f e ’t - ~~n t i at-s to  on some csul l \ ’ex  noe n set

- so i l  ,i i l i ll i s t  S .

• if .1 V O l  i~~ b 1 s’ m o t h ,- m et t ce-s.i is .  used t 5 c  m i n i m i z e  Fix) , the n at a sliven l \ - s l n t  5 . ,  a

-;e.i t o ! i s h ; t , c s I t  s ’ll 1 is dot et mined Dv m u l t ip l y i ng  the’ gr a d i e n t  q \‘ I’ ( x i  1-sy a .t1cpt s cP l  t ~t I’

o i l  i x  11 , i

H si •
1 1 1

s t t , ’t ~ H i s  an , i i ’ l ’l  six imat  t O l i  t o  the inverse’ Hessian ma t r ix  ot Vt x~ at x . W i t h  a sui  t able

- - I  .‘ p S l . C  0 .1 fl eW ls s c i  f it

x — x — ’ .;
i d

~ , - , c ;ii~ - I t s , t . I t si — \ P  i s  ‘ i ’, the mat t i x  H i s ;  det c t-mi  h Ost I t e m  hI i t t  stis ~h a wayi d  1,1 te l

I h - i t  I - ,~i t a - s  i —N ewton ,~ ,, ;i , tt  t on is~~; i t  i s t  i t .st , .0 .

s . .  I~ H’ ( , t  — ~ ‘ si d

i t s - t . i  t ‘c i -  v at  t a t ’  I t - s  me’t ; - - met hot .; s i t !  !e’t in  I t ie tqc .iat 0 ~~t oceehu o wh i  Oil 15  \i.;e.i I s’i~~~~’itt 0

VI • f t  (WIt II  . i l l  t t h . I l i\  method s II i s  e4st a I iii ’.) t-sy add m u  , ‘ltt ’ t i l  I WO mat i t s’C5 ot  I .~tik one’1 ’ ;

-- - - -. - _ _ _ _ _  _ _ _ _ _ _ _  

-
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‘ 1 ~~t~~) ‘
1

.1 — — -
. -

— 
- ansi i ’

~~~ 
1 - -

,

I ! ,  i t  s M 1 ~~
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3 d !p .+B d~H .d — B  ~, ~
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1
q,

(2.21) ‘
~j 

= B d~ p . +8 d~ H . d .
l j j  2 j j j

- - 

2 w ’.q .
— 

Il d~ p , +B d~ H . d , -

1 3 3  2 j  j  3

If  d q. = 0 , then Y . = 1 and , by (2.16), U~ = q . and 1st . = 1. Therefore, it follows from

s i - i S )  that in this case H i
1 

is independent of the parameters B1 and B2. Since

= 

(g —g~~~~1~~~~~ g
~÷1q~

~~ ~~~~ l o isi l

this happens if and only if g. and g .~~1 
are Darallel. Excluding this case we have the

following lemma.

Lemma 2

Let H . be positive definite and suppose that d p. > 0 and d q. ~ 0. If

B d’p. + B d~H .d . � 0, then
l j j  2 j j j

i) y . 1 if and only if 82 
= 0

i i )  y .  ‘ 1 if and only if 
B1d ; p . +B 2d~ H . d . 

< 0

d~ p .
i ii )  0 < y . < 1 if and only if B + B ~~~~~ > 0 and either B ‘ 0 or

3 1 2 P~ g~P~ 2

B2 0 and 81d p .  + 8
2
d91 d , 0 -

Proof :

The first statement of the lemma follows immediately from (2.21). Let 14
2 � 0. Suppose

first that B d~p , + B cs’~ H ,d . “ 0. By (2.21) we have y . > 1 if B < 0 and y. < 1 if1 3 3  = 3 3 3  j  2 j

B2 > 0 in which case it follows from ( 2 . 1 9)  that y. -‘ 0 if and only if B
1

ID~ gp .  + 8
2
d;p . > 0.

Next let $
1
d~p. + 14

2
d;H .d . ‘s 0. Then 82 ‘ 0 implies y . > 1 and 

~2 
0 imp lies ‘y
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w i t h  i ‘ 0 it .iIid on ly  it  I~ Ci ,q ’~~n , + 3 d ’u - 0. Since d’ p .  + i~ d~ II si ‘ 0 i f  - . P
l~~~~ i i  2 j’ i i i )  2 1 1 1

and S r i’ i ’ D + u~ , sl ’i’ 0 , t h i s  completes the proof of the lemma.

& - T I n s  t t s s n y e  lemma shows tha t a l l  update’ f o r m u l as  ( 2 . 5 )  w i t h

— 
0, ‘ 

~2 ~ 
0

5; it ~ i t - , - i  h i ’  ~~t ,- + -~ ~- ;  nq the pos i t ive  de f in i t enes s  of hI~ produce a w i t h  ii - ‘ 1

s - S  ‘
~ 

i i i - ; ‘

~ 

denote the va lue  of ‘I I 
that  corresponds to the 0I’P - method and t h e  BFGS -

met 1usd , t s s ; ~~ s s s~ t I ve s l y .  it is  i n teres t)  nq to observe t h a t ,  if  st u-s , 0 and st s~ ~ (1 , t2 . .11)

i iisi ‘ I

1 1 1

i s O  s V O l ’  ‘~ s ’( S t  i’t’SpOIld 111,1 to an Update fo rmula  ( 2 . 5 )  w i t h

0

s i ’  I ’ ;, i s ’ i ; I l~~; s O i l  c i  I i , ’,! s;s . -s b . c !  W I ’ have only asst~~ nst that -s i n ;  s ’his sn ; , ’ l \  In  such .i way

I 5~ I - - - - - ‘ , t .s ’ . , si  
~
‘ ‘~~~~l~~i ’  . Now we’ ;isultume that S I s ;  t hit’ e~~st ii1t.m l s t i ’ 1 ’ ’ ; l z ’ ’ ;  melt , ’

‘ 1  p 1 5  5 5  1

s _ i ’ ’  s - I  ‘ he t i l l ’ sm al l e st  v , t l o ’ - 01 0 ~iie’h that

F i x  — s ’ - Is . ) min i F(x - — s1~~ 1 ,‘ I i i
I )  I I —

- ~‘ ‘‘ ‘ i ’  - 55 OIls 1 i t  f i l l  1 s ws-t f rom I l l , ’ ilef in it ion s ib  W t tisit
3 4 1  I I

I , ’ .‘ .‘)  - 
j 1 1

1
1 + 1  

w h l e ’ l I ’  
~j Il 

— I I l l j sl ( i l II

- i l ’  ‘ ‘- 5 - ’ ( . ‘ . I ‘1

II U ’

- — J~ .1 $ ~,
, - ~~~~~~~~~~~ - + I I  -

i~~
1 si ~~ i-s , t - ‘1’ Ii~~ 1

1 1 +1 14 1  1

.i lc ’t

it -

( 2  . . 5 1  5 — H - s~ — U’1 4 1  1 + 1  3 4 1

- ‘ H - -s i - i ’  - i s  - s i - e l  1 , s I ~ .; , ,t  X i ’llff,flUtCd Dv a l ly  of the ;n,t t  I i i i ’ S ;  (.‘. “1 s l i t  I t ’ l  s~ i l y  in  t I ll ’
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, - :su, ’nt  t . t  i ly  s t  .11 to ; that  • i f  the~ opt i n’ial s ;t , ’I s  Si zi ’ is; cts;,’si • a l l  member s o h  t h e  ~- 1 -  i s s s ( .‘ . ‘ s )

ot ujistat.. formulas D I  OsitliS’ the’ same’ Ses3UCin(’(’ elf P01 nt.s t x ~~i

Th,’o rem 1

i.t.t an i n i ti a l  point x 0 and a symmetr ic  p o s i t i ve  d e f i n i t e  m a t r i x  H~ be’ ‘liven.

t h a t  for  e’very I, ~~. is the optimal  s te in  s iz i’ ,

s . 1 1 q , ,  x , = x , — 1 5 ,
1 1 1 1+1 1 1 1

ansI If is determined by ( 2 . 5 ) .  Any choice of t he  parameters I S
~~ 

and 5 ,, for  which

us . I) , i.e.. sI~ u t , ~ 0 for  a l l  j ,  r e su l ts  in the same sequence of I i s ni flts t x . 5 .
i~~

l +l 1

l~tO,i t 1

Supposes- tha t, for some 1, al l  matr ices  It , I n  t h e  (‘lass sle’ tS, ’rats’ i by the upsi,l t e ’ f o I f l I l l  I s i S

(2.5) have the form

p _1 p •
1 p ._ 1 p’, _~1 -

(2.24) H~ s, . - + —~ ~~~ + H
1 1—1 \

1
q

1
p

1 
d 1p

1 1  
1—1

where only depe nd s on the pa r t i cu l a r  va lues  of 14s
~ s-md 11 2 . Since the optima l s t s ’5’ s s i s ~e

is used it  follows that *1+1 and q , 1  are independent of s,’ ,
~~~~

. Thus span {H
1
q . ,  I t o , 4 1

1

is independent of ist~~~~ which implies  tha t  rc~~ 4 1 
it

j  
is independent of isi j l  ThU S W ’  ss ltI

w r i t e

H ~s , + 
Pj +j P~~4 1 

+
1 .1 1  A

1
q

1
p

1 
X

141
q~~~ 1

p
1~~1

where )s
l f l  

— l H
1
q
141 11 1 is i ndependent of e 1_ 1 and the ma t r ix  H

1 
is ins ste- lined in (2.1- 55

and independent of ls5~~~~~ . Therefore (2.15) becomes

II — -
~~~ —‘~~ 4 isi 4 H1+ 1 d p

1 
I \

1~~1
q

41p1÷1 
1

This representation of ~~~~ i s - s equivalent to the representatIon (.1.24) iii lt~~. S I t s s ’e ( . ‘ .. - l )

holds for i — 1, this proves the theorem .
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In practical computation s I ~~ differs from the optimal step sire and :,umex jcal , x ~~s. s - s i ’ s

shows that the efficiency of a variable metric method depends vety much on this- I s a r I A i - n i l , I ,  s o - -

- 
~~

-. date formula (2.5) which is being used. From (2.15) we obtain

j~
. p’g

1~~1 
u~g141

— ~~~~~~~~ s 

~i d~p1 

+ tst
1

U
1 W~

1
U

j 

-

- ~~
‘ Thus depending on p q

141 
and y 1, i.e., on the closeness of the step size U SOd I s ,  l i e s - “, i sm -el

- 
step size and on the choice of and 

~2
’ the directions 

~~~~ 
can differ (‘ott’ . i s l e t t blv .
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1 . s ’ s ’l lV ~~- s I  ~J 4 ’ l l s - C ’

l-’s ’ I  ‘ l ii ’, t n t ?  i~~I ‘ ‘ s i t I l l  x I s o  w h i t ,  I i  Alcsl tmI’t  j .~ ,i t s  tI i - - I  t ,’d ansi i%t% ~’ ,4l’IlUtW’ t I I s ’ t ’ s ’ ’ I t  t v t ’

‘t o t  t n t  t e ’  mat li i i l et  I’.’ a - ‘ ‘ i ~u~- , c ’ - , - w i  lit I It s’ I s i t  l o w i l i s t  15 1 oI’,’l I Ii’s

t I  

~~~
“ s e i

1 ~~ (~~• 5 )  • — ‘ ‘ . 1 , ...

— x — 5  s , -I I I  - I  , Ci ; ‘ , — i l , % 
1 1 1  1 5 I 1 1

i l l  I 11 14  1 
sif, ? at  t iq ’ ’j I I  ,5fl II i sv  I . ’ . ~‘) w i t  Is at  1st 11.1 1 v p.~ c inst- I - 55 .~ti’I

Thi sns lq l loe lt  I he’ l eflia in.i,’i s - s t  It s,’ h ’ ~’t s ’’’ wi-’ ~~~~~~~ I .-ts ;icittne ’ I hat , i t  I il ’ s ’ t ’SS’s , *I  ~
‘ , 11w t’at  .ini,’?,’, - -

.itt ,I It , aic’ , t s h  h O s t  ,‘,I i t t  - s i - is .i W.1V I ht .-it li ~ • 
l ’ s  ,t t ’t  I l i e - I  apd ;‘tss i l i v,’ let  t I l t  t i ’ 5 I .,‘ . . I )~~~I t

the  s , S l i s I  t t  i Oil!; of t,i’nina I it , ’  s.d t - s  I t e s t

It  i s  the’ )‘ ttI ~~~~~ ot  t h i l  - ; ‘;,‘ , - h  l i i i  I s ’ t h i s ” ,.’ t h a t  t I  !tsisstmI’t ion 1 I n s  ‘s’i t t s i t  t , ’,t  ,- i i i sh  s ’ i ’

chosen appt-opi I at,’ ly , t hen liii’ ‘“ pte’ I l s ’s s  t s i ~~ 
1 s s I I ’ s ’ i’ I ‘I’’ - ;  5 i -s z i ’  t ,s ,ili ,h ,‘ve y - 1 t Is t  ,‘ I t”’~ I t t  , ‘I I t , . .

sequence 1x
1 

1 ( 5 ;  .-i il oba I nil im init z e l  of ~ ( sIl

We s h a l l  ~5 1 s 5 ’.’t ’ t h is  t estil I by si,’tte i a I i  ~ i ti.i a I t  s ’s ’t  ,tt ii’ I s ’  Powi’I 1 ( 1 4 1  t s ’l l iii’ ‘a’ -.’ ’ ‘I It s,’

BFGS — met liosi , I . • -  . , i i- — 1 , 5 , — 5i~ l’owi’ l 1’ ; I- st sSst  41 51 ,5 t he  i tsv, ’t .,‘ ~sh hi ta t het I ti~~ti It
s
.

Ses-ttin.;

H I 
It

l~

we el-it -i in  1’ re-em ( 2 .  ‘1) ~~si (2. I i i )

( 1 .11  15 — 4 II
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,\- . - , I ; I - ‘ I - .1 •~t - Wi’ ‘I, ’ I i - . ’  A I cii at i l l l t  bes t westi the I t  ace , t  H
1 

eitd the’ tI -ace of 
~~ 1

- 1.- S i s i t t . sn t 5 ss ’ I I  -I. s st  I~ I ‘- equal I s s  the  cue - ‘I e ’i s~ unva  I uss ol Ii wh is -~h is  equal t o  the

s~~ Itl s ’ t  I i ;, , I s s t - i s s t c t l  ,‘ l , ’ti,, ’t i t - - s t  1 4 .  ‘- t I , s ’e w i t h  H , the  mat l  ix  is  pos i t ive  d e f i n i te , too ,

I t s i ’  I I . t -  ,- s ’I 14 l s ~ I”’ ’ I I  i ” ’ ’ . I” t ,4%t ( 5 . 1) we obtain

l i s t  ‘ lw II
t i ( I 4  ~~ ,-~~~- - + —- ,~--- - 4 t r ( R  I

‘I 
~~~~~ 

w I
1 

I

t ’ h s s i ~ . s i -  t t i , t 1 t • . 5 we’ haves

.1 2 2 2
- l i s t  II Id . ! fiw II lw _ l i

1 1 . 11 I I  (H I - t r i l l  ) - ~~ -~ - • -- a - - - _ i~~-~ •I l~~~l
, ~~~~~ 

w~q 1 “ 1 
w
1
u

1

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~s i b i  d
1
p
1 ~ 

w
1
q

1

w I t .  s ,  t h i s  - S . c - I • ‘s; i l .i  l i l y  fol t,’w’; f t  out I hit’ sit’ t i l l  i t ion ot ,,‘
~ 

( set’ ( .‘ . I H) 1 and

W ’ (‘ I 4 -s . p  b w ’q -
( 5 , 4 5  w ’cI . • ~~~~~~~ ~~~~ -

I 1 I J i l + . i ~~~f s ~~~~ i 
~

sl
l

+ s t j t ’ I~~j

t n  - - t i -  i s t , -s ttl 1 • we sle’ slus - .’ ft-nm ( 5 . 5)  the i nequal i ty

~ Ii ij!~ ) l-t, IIw~ 
2

5 t 5 t I t l e  - t I - Ut I + - - —— 4 - •h + I  ii  - st . ) I . - 
- W s ~

~ .~~i- I t 1 1 1  I I I

~~
, -~~~ I wi’ s ’’ - I . tl ’  I i ‘ h i  s,’I .tI t , ‘ts ist’t w,’,’n t h~~’ ~h’t .tm I nant s of 

~~14 I an d I4~ • F OI t h~’ ~~ c - I al

, . 5 - s - ’ I I S , ’ 551 ’- - - - — met I ,s~~i , i , , s~~ t s - s t  1 — 1. t ile ’ esult has been el-st , i ined by ~~~~~ s ;s’Il  (lii

5 s - s -s Ins . i  I

~~ ,in, I H 
~ • ~ 

hi’ she-I I t e st  Dy I I . 11 ,mn,t ( S . 2) , espe)s,’t I vol  v . The ii

I S  , c - ~ dot Ut 14 ,- -‘
~ , -

~
— det

I t

-l ( 
~~~ s i ~~ 

- 
I
~II 5

-
1 

— 
\~,‘ 

5 ’ - ‘I ’ 5’ - ‘W ’ s I  - ‘ s i ’  .
~~ - ‘ sI’  I’ -

I 5 I I I I  t~ ti ( n t

— h e ’—

_ _  _ _ _  ~~~~~~~~~~~~ -- — . .;.: ~~~
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jTTT~~~~ 
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~~~~~~

-‘ ‘ s—
~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 

- ‘
~ 

___________________

and

— (_::ti_~ ~
_~j - 

st ~~~~ 
-- 

‘I 
--

j + l  ~~ T~T I
~~~~W , S

~ l I d s -  t~ i I

Thes-Il I t  fol lows front (2.0) and (1 .21 that

II — ~ flst — fl
34

There fore ,

det(I ’ 1 1
I4 

~ 
— det ( t )

1 ~t l ;+  i
ii

t 
l

i-e ; _ I I

2 d’ p
— (d e t ( P ’  r) 1 ) )  • :1 .1

1 + 1  1 ~

which because of — H
1

1 j n~s-l l ea

d e t ( R
1 1 1  ~~1

c~~q 1
p

1 ~~~~~~~~~~ ) 
- L 

~~~~~~~~~~~ 
sli’t (11

1
)

I’s-s i  t he  1F( 5 — met hoel , • 1 - Assuminq that

l I d 1
2

( 3 . 7) -~ for souse s~ and a l l  1— is- 0

Powell 1 14 1  ust’sl ( l _~ - s )  and ( I  . i-s ’t t o  Di .iv, ’ t hat

h I S i l t t l l q~~I I — 0

A review of Powell’s proof shows that i t  can be adapted for a qener a l itp dat e fc si-nsula s - s f

typ e ( 2 . 5 )  i f  in addit ion to ( 5 . 7) we have

l~ ’t 4 I i W 4 l l  -

( 3 . 8 )  —s ,~~ . ~ for 501St’ s~ 0 and a l l  I
1~ w

1
q

1 
— 1 1

and

5 .9) ‘I
j 

si’ , for some ~ , I and all I

-1 6-

*
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Unfortunately. it does not seem to be possible to determine any choice of t i , ,

and 8
2. 

(other than — ~~ 
~2 

— ~~ resul ting in ‘tn . — 1) for which (L i  ,n t s i  fl 5 ’  i s. I’,

verified a prioril indeed , if  ‘y ,  ‘
~ 1, then (3.8) is satisfied . Ijowevet , In .- t s r’ t .‘ , t.- s -  t i ’. ,

then

82 < °

which by (2.21) could result in an arbitrary large ‘fj. On the other hand , i t  s- s s ’ltoOce’

and 5 , such that ‘ 1 it  does not seem to be possible to find a oO sit iv , ’ l i’..” ’ hi -sunil f o r

-‘ ‘t i
. Thus ( 1—y

1
)/y

1 
may because arbitrarily large . Even if these numbers s i t s ’ t ss ’s~;t t , ’sh

il w~ll 2/ w q 1 could become large since we cannot show a priori that the sequencs- l~~~ ms ;  bound-

In order to overcome this difficulty we replace the matrix H
1 

by a m a t t i x  I t ” .)  w h i s -h

is defined as follows.

n_i p ,1p ’1
( 1 .10 ) H ( i-i ) H + ~~~~~~~~ ~~~~~ , is- • 1j  j  j  1—n. p

1
g
1
p
1

‘ 

~~~~~~~~~~~~~ 

PjP 

~~~~~~1—n
1 

p
1
q
1
p

1 
w

1
q

1 
j

F 

setting

—

we have

Sj~~~1 S J

• and with a modified step sire

- (1-n
1
)o .

we obtain

X — S — 0 , 5 , — X ‘ C i S .j+ l  i 3 ’ S  j  3 1

Furt-hermore (2.15) shows that H
1~ 1 is not affected by the change in H~~.

-17- 
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~~~~~~

-si l l -  - t  i n - s t h e  ilsI ’ , ’c ’ ; , - 154 1 I iS  s -s t  II C ’ ;  t- s~ H i ’ s  I we’ see frestus ( S . 1) that.- I

I s  (I- 
5
) ~~~ + 4

,‘ . ‘i .O ’
- 14 -

1 1

h i , - ’ s .szn, - s ir~l ument .ts. i l l  I t i e i ’t  - -s~ ’t oh t.e’nntsa i t  is easy to vet- j  f y that

- 1, -f ( R I ’ s ) I — I — ’s ) d e t ( I 5
1

)

Th, re ’fot e, r e ’f’ ls is ’ in st fd • and Il~~~ Dy R~ ( ‘ 1  and ~ +1 ( i s - j  + ) respectively, in (5 .3) and

l .t-s ) we obta in

t l - n ) , -s 1k 11 2 l~j j~
2

( 5 . 1 1 5  t t (H ~~‘ ‘5 )  t . t U l . ( , s . ) )  — ~~~~ ,~~ 1 41+ 1  + l  ‘S ~11’ .

2 2

— t l —  ~~t — ~J 4 I  ~ j + l
W . s 5 .  i + l  s t ,

1p . 1

and
1 ’ i

( 5 . 1 1  ~1~~t (14 1” ‘ 5  — - - - - - ~~~~~ ~~ -t----- det (B - ( i s -  I)1 + 1  i d  , ( l ~~ s- I ’  o p .  )
‘5 1

I f  we as,strte’ that s~ I n  t he  opt ima l ,5 t , ’l sI re , then it follows from (2.22) and (2.25)

that

W ‘I I’ - Ii , s
‘+ 1 sd i d  , i t t  ,~‘ .

which by .‘.Is - l ) ansi i I . 4)  I m j - I t e ’ n

‘I 
- .

.~• (  ~e l  
- 

I
-~~‘ 5~ ‘e w s i5 . 5  i i i  I

Thus I I  we ‘ , ‘t

—
I I I  S

I hen I S ; , - - -ui’s s - s i  t hi.’ I i t t  t wo t , ’t m ss I t s  I 5 - I I )  i -  zet  o an,i

— 
1 ’ l

L . . ~~~~~~~~~ - .
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1

es

Ss t 5 - s -  i t  suffices to have the sum of the last two terms in (3.11) bounded from above , o.

need only  be ~n aup roximation to the ootimal step size which satisfies the following condition.

The step si ze is determined such that , for all j ,

- 

j I g .  ~~c , d . I I ~~ h g  11 2

( 3 ( 5 )  ~~~~ 
—- ~-u- l 3 ~ — 

j+1 
6

- 

~91~~1
—r

1~~1~ ‘H 1
( g . 1 — C .d .)  g

÷1H . ~~1
g ,~~1 

— 3 ‘

where 6
3 

is an arbi trary positive constant and

- -

~~~ d;p .

For y . 1 Condition 1 is trivially satisfied. If a . is the optimal step size, then

- 0. Therefore , for every j ,  there is an interval , containing the optimal step size, such

: t t t t  s’ver y  0 , in this interval satisfies condition 1.
3

S i n c s~ H .~~ 1
(g .~~ 1 

— s d.) span{q.,p } and d H .~~1
(g.~~1 

— l t d . )  = 0 i t  fo l lows that

s .  -r . p .  g .  —c d ,
( 1. )4 )  ~, = - ~~~ and w.  — 

j +l  j  3 
-

~~~~~~~~~~~~~~~~~~~ ~ ~ hI~~~j + l~~~~j
p

j I I

Thus

2 s 2 2g .~~1— r . d
1 — 

iw ~ w .

(g~~~1
— 1. d .)  ‘H .~~1(g .~~1

—~~1
d .)  — 

w w u .  y .  w q .  ‘

,n,d observing t~s- 5’i t- p .~~1 = :~~~1/~~s. 
~

j h = p
1
s.~~ 1 
: ded:ce from ( 3 . 1 3 )  the inequality

—i- ~ — ( 1— y , )  ~~~~~ 
j + 1 

< ~ 
-y~ w ’.q

1 ~ g
1~ 1p

1~ 1 
—

Choosing

111+1 = 1_ ’Vj

and assuming tha t t ’ne inequalities (3.7) and (3.13) are satisfied we oht,iin from (3.11) the r n —

5 ’ j ot,

—1 9—

— —s-- 

— “ 

— 
,__s — -_---~~-~

.__— 
~~~~~~~~



- -

- -- _______J~ ~~~~~~~~~~~~~~~

(1- -- II
t r ( B .  i ’ s . )) t r  (14 ( 5 -  1) — - -  - - -

~ , ~ ‘ -‘
1+1 1 + 1  — I i t ’  i i  5

which shows that , for  ,‘very I

I C l — ;  ) s  It —i
( 5 .1 5) t i  14

1
(1 1

1
) t t - ( H ~~ ( t ~~s-

) 5  — 
i _

,
~ t _ i~ - 4 i
t i

where R , ( i ’5 s-
) — B

0
.

Using this tippet bows-si foi ’ the t ra~-e ~-s I s -’~ • ~) we’ can p t  ~-sv , - t h e ’ S o S  s i t - i  ~ s ’v l,’nsns,t .

Lemaa 4

SUp)~~)St? the inequa lit ion ( S . ‘1 an d ( 3 . ( 5 )  .s-i e s tat  is f i ed . ‘l’hi’n t hot ~- i~~~ -I ~s- sn- - t i I ~s~ i

for 3 — 0,1,...,

I hi s ~- -

(5 .16) - — — ‘5- - - -  .s ~s ‘5 ~~~ -

i~~ss- ~ i ’5’i 
— ~ i—0

Proof :

Since B .(n
1

1 is positive defjn(t~ for ,~U 3 , we 5sh t.ein u .s-rn

j (l-n ~ )1 -s - I h g ~~~t l 2

V — ~- 

~ t i - C R ) • s- I l l )  (S +~~ ‘5— 0 ~ 
— i_’i i,~i S —

with \ ,, 
— t r  (80

) 4’ 55
s- 

+ ~S 
~~
. Applying  the’ qeome t t ~~~ Sri ti-inse t i s ’ no.its i I5e ’sl t i s i I i  S ‘- We ’ s - i -s t  ~t i i t  I ~t s ~

rel at ion

3 (1-n - I c  - j s t . it -

(3.17) 11 — -- - — -
~~

- -—----
~

--- — ,~~~~“ tos  3 — t i , l 

Observinq that l _
~’5 I + l  
:~~~~~, and :‘5sins5 ( 5 .3 2 )  we f i n d

I d Y t ’ . shot s - i l  ( ‘ 5 , ) )
(~~ .l8 ) ~ 

~~~~~~ t_ _~~ - 
~~ 4 l J 4 l

- ( 1 si - l b -s ~ 51 i-s - 51, ’t s - h i  ‘5
i~~is- i t i i

Mext we deduce frost ( 5 .l~~
) the i n e q u a l i t y

(3 .19) t r ( R
14 1

( 5 1  
i~ l~~ 

— ( i +  1) 
~~

— .

_ _ _ _  

- - -~~~~~~~~~- - - - - ~~~~~~~~
-s - -~~~~~~~~~_ __ __i.-~~~~~~~~_ _ _ _ _ __
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- --- ----s- -—- -- - ‘~ 
- ---s

~
’- - - .

~~~~~~~~~~~- - -- -- --s  - -

- t h e - the’ let ,‘tm t st in t  .sf  Il n~ • ) in  equal to ( t ic 5 ’ l  “ lU s t of i t  ~— ,‘i - I c r ’ ,- ,, S - i s  -s 5 - . , -

( 5 . ( ‘ i )  t u s h  t I t , - i~ -oine t t - t . - - , jt  ith.jnetjc mean ini’ ,1u~i1 i t’s- t s i f x n d  t he  t , ’ S i t  ion

(341) c\
ti

det (H
1
(s . 1 )) ( U )

i t t - i  t i~~ ( S - 1 - S , ( 5 . 18) sinsi the above inequa li tI-s WC s_il~i t  .t i  0 t ~~ (‘ X I ’ S  e’r;i ; j on

- - ;  2 - - \n
- !_  ., 1 

~ ~~~~~~~
5 n det(B

0
) 

,

- 1
< ~~1 1

— 4 - s1 5s .
1 L ) I 1

whet-c is ; a s u i t a b l e  constant .

Since the i n e q u a l ity  C 3 .13)  is t r i v i a l l y  s a t i s f i e d  i f  — 1, i . e.  i t s -  I .~ U” - U  — r ’, ”~~s osI  -

s-,- tseed an adds t jona l cs-sn d i t  ion for the step  size 0 in ors ies  t o  be able t s -s s t  -s - ii

c l t is ions  f rom the  i n equ a l i t y  (3.16)

,s n , h i t  i n n  2 .

Let and ‘S * be constants sat isf y in q  the i n e q u a l i t i e s

a- ~~~~~~~~~ ‘S~~~~’ 1 ,

and l e-t s ’ - ( 4 -  Jetermi ned ntis -)- thatI’ 3

i -i st ;
4 1

5’ . .

i i )  F (x  ‘5 ~ F ( x . )  — bi d - s - Hs s - Y~~’ . ss-1 s ’ ,~~~ and F s - x . ‘5 F(x  — -s
~~~~- w i , -i • )  - i i  1 1  1~~~~ 1 i + I  — ,

is; t his- s m a l l e’ct  positive number with

F ( x
1 

— s ’~~s . )  — F ( x
1’5 — -i b ~ ~~~~~~~~~~

1 -.‘l-

I ___ 

_ _ _ _ _ _  I-— ~~~~ --~~~~~~— ~~~ -~~~~~- —~~ — - - --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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t i l l  - ‘ - ‘ t ~‘s s -.; i t - s l i ’ w i l t s

— I i s  -s 
-- 1

* — — -
‘ 

- i i  ~, — ;1
‘S _ 5 S ; \ ~~ ’’ . ‘ i X  ‘ ,~~~,t

i i

l e st  I , ’ s t s - t e  t h e - o t t  t r t .l u l  s ’i s ;i ~~ s’ , t t t s ss ’,- 0 , - - s u l , 1  is, ’ - i t  , - , t t  s - s thats ‘~~ ,tiisl
‘5 ‘5

s. \ sn ,t i  I i s ’i t  1 s s ’t i l , l  ~ s ’ i , , ’ s ’ t o  l’s - I o n s ’ t ~ ‘ 0 - we ’ , t l t l t s ’t i l l - s t -i t t  ‘‘I t I Ps ’ i r i s ’,~t s , t l it s
1 1

i F I X ) — s 
~ - -s S ,i~~i - s .

— 1 - 1 1 5 1

- s t  t 1 t t ) , - .issutnpt i s U t S  i t  s - _ c i t l’s’ sts-ewn ~~ 
r~ ) t ha t  W i  l I t

5 — .‘ s - F ( X  5; 5 — F~~x . S 4 ~~~~1 5 I i

we have

( 5 . ~~ -:rs- X - - ‘ - ~ s; ‘ ‘ I — 5 5 1  }s t
1 1 1 1 1

Fu r t h t ’t- mol- t’, i t  w i l l  5 ’ ,’ ,; Sss -st ,’ii i i i  t Sn- lit’s-c t Ss ’, t  t oSs S t i . t t  l ot  ,-t- ,’tv u~~h.it,’ fs st m i i l . t  i . .  ~ W i  1 S t

1 — i - s t  an .is ’~~’e’t’ t ~U-si ,- st e r - s  s s i  ~s, ’ t s i  i sut  ft d ent  1-s~’ l a r i e’

S’s tn.i a st  en s t i t . t ’ i’ W)t t oS t  st a t iSS i,’s (‘Ohs-slit tOts-S I and 2 we’ st-st sits- t tie ’ tel ls -sW t It_ i t in t s it -

Lenina S

Suj-s~ ses.-s t~~, i n~ qu i  lit ~
- ( 5 . ‘~ )t ~ 1~1s  slid s’ S.tt  t sS S i s - st I hi .’ Ceii~t it  i s ’Is -s I .s-n1 -‘ . Th o u

lim its - f bl ’ i~ I~ —

5’ i s” ’  t

Si t s- 5 1’ is - st  a l l  1 ,

~i Y~ ’ b~’ - 
- 

sl ‘
~~‘ - j

~~
s’ S -

- ~~~J L S~ .LJ
, )• 5 -~~ ‘ ‘~~

‘ p — - — 
-

1 5 ~~ ) 1

where  ‘ is .s- s u i t  i t - I , ’ ‘,-s s t ,t t tnt • ~~t l s ’)  1 , w s t  I t  OtIs- ( 1 . I s ’ s -  t h a t

I ~ ~1~’ 
-

- ,~- - ~~~~~~~~~ l s , l  
i- , ;s- ~~ 

-

- - ~~~~~~~~~
- - --
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l
i

t — -.

Ic ”c ~~~~~e t F s - x  t - i s J e t  s - a s s  so - T t t t  t e-f~~ t o , x . - S~~. I I  S t o l e  is  an S l i t  u t i l e  subset

- ‘ , l , . . . s i n s t  c , “ c ‘s-ut — t i  t h a t

I ° st ~ s t o t  1 s ,

I (t o n  i I t o t  Sow - S i  s tIlt t - t  — t - ‘
~~1 - slid the sit s- i form cont m u  i t ’, ’  s-s t  5 ,’)’ Cx ) ,‘ts S that- s . 1  — - t 1 - 0

i t s - t i ’  - 0 - s - , II -
. s - j 0 fo r  some -s ~) and i

1 1  1 ]  — 1  1

• 5 ( 5 5  ~
‘ x i s  t - -titi ,k- d f t - am below and

F(x~ 4’1
) F(x

3
) — Y P g

3 
m mn {  ~ S

3
S

3 
~ h I s ~ s3 Ih

i t s - -  s - i t t - I t - s -n  t hat  j q .  • 0 as 3 -e , which by (3.21) proves that 1s ~ . i s not bounded

sw _ i ’ ,  is iso t - -

ts ’w r s -ad’.’ t o  p t c s ve  t t t o  mai ls- convet-qence theorom.

ct  \ - o t t - S  s - s - st - i I at isj  t ’o t ; s t  i t  t s ’t t s  1 ansi -‘ he st a t i s t  io5t . Then

q .  ~ 0 as j

i ’  S i - ’ s 5 ‘ 5 S ’ t ,  I of  S : - s - ; s ’s nu’n cc  l x .  I is a ~ 1ohal mln imiz l ’ I - o f  Fl xl

St i-  -s, ’ -s - ’ t ~~~ t s - s ’-*-s s- its - (141 t h i S  i t  S’- 5 x t i s  s’i s t s - V o x  and t w i c 1 - ~s ’tit  bt s - i c s t s - u l ’ , ’  different (aPis’

s n  S~ S - s - St  S ‘- ‘ i sto r t s ,, S i t y 1 5 . 7) holds  tot  a l l  1. Therefore • we slositis - e’ from lemma 5 t ha t

th1 so i - s  i i 1 s i t  I c ’ t , i  t 0 - ( 0 , 1 , . . . and a z s S such that

-
- F ~~‘ = 0 ansi x is as 3 -‘- , 3 s

f 0 s lt - s s s  tics t_ , s ’ I ;V s ’ slC to zero , then the sestuence l x  - I has a c l a s t  ,-
~ -so ( ~~ ,1 1

- - t s c h  t n it  t s o *s  � ‘ . S it s - c o  F ( x )  s-s convex t h i s  imp l it’s F ( z *) S- -

1~~ x , t c F ix  • I t~~~s; - (‘i s- t I s I s t  i s t  lot s- show s th i , i  t - 0 as I -‘- . ‘1 S t  t s i  s ’ , t t e l  1 ows ft sx11i s  1

- s ’ — - - i  i t  V ct  - S s - u i  at s-,S t S ~~’ s ’sSl i ’,’O X i  I ’,- ,,-s I F (x) on t h a t  c- v t ’ s ’ , -  c I t t s t t  ~~t i - sos -n t  ~ t x . I

i S  ,t t 1 ~~’l ’ i I  rrIs - tI’ss - ;- , - t ,st F (x)

_ _ _ _  - - - -
- .  - - - _
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4 .  Sqperlinear convergence

In order to prove that the sequence ix .)  converqes superl inear ly to a global m i n i m i zer

of F i x )  we require that  in addition to the assumptions stated in the previous sections the

following assumption is sa t i s f ied .

Assumption 2.

The sequence i x . )  converges to a point z .  The Hessian matr ix  G = G ( z )  is pos i t ive

de fin i t e . There is a neighborhood U
1

(z)  such that the Lipschitz condition

( 4 . 1) I I G ( x )  — G ( z )  < L I t x — z ~ I

holds for all x u
1

(z )  where L is a constant.

The abcsve assumption implies that there are a neighborhood U
2

( z )  and constants 0 < ii <

such tha t ,  for every x r U 2
( z ) ,

( 4 . 2 )  - ‘ 1 1 y 1 1
2 

~ y G ( x ) y  I n II y II ~~ for all y c

Therefore there is a neighborhood ‘3(z) such that the inequalities (4.1) and (4.2) hold for

every x ~ ‘3(z) - By deleting finitely many members of the sequence {x .} if necessary, we may

assume without loss of generality that {x.} c ‘3(z).

In proving that the sequence ix .) converges superlinearly we will use the weighted

matrices

J J J I

where the symmetric positive definite matrix is the square root of G and

= (G
1”2

) 

1 
As a first result we will show that

= t r ( G l/2
H .(fl.)G~~

2
) + tr(G /2

8.(fl.)G
_h/2

)

is bounded if we choose = as before and impose an appropriate condition on the step

size i s - . .
3

We observe that by (3 . 10)  and (2.15)

— 2 4 —

- ~~- _
~~-- —-
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5 5 _ • I -  I ‘ sI

4 , 5 )  I I  i i .  5 = 5 5 ~~~~ s t ) _  I .1
, .1 ,

1 5 h —  5 5 5 5 ’  s i t -  w t
I t~ 5 5

t t~~it ’ ‘I ‘
~ j i l  • ( ~~~~‘ I

I W~~ t i  h — s t , -
1 5 t • I  1 , 5  5 4 1  ‘ ‘ 1
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Since

p ’, G( y . ) p .  = o . g p~ + (GD . — • q ) ‘s--i . + p~~(G(y.I — G) .s

it fol lows f rom ( 4 . 2 9 )  and Lemma 11 that

F(x.-s.) - F ( x , )  < _ l I s 1U~ ;P~(~ - ~~
;
J
;
3 

~~~~~~~~ -

~

fo r  3 s u f f i c i e n t l y  large.

Now suppose that  C 2 ~ 0. Then it follows from ( 3 . 2 0 )  that

V F ( x .  — o~~s .)  ‘ p .  < y *g ’, p ,

for  j  s u f f i c i e nt l y  large.  F ina l ly  by Tay lor ’ s theorem there is

v . c {x I x — x . — t ( s ’s , ) ,  0 < t < ii
1 3 3 )  — —

such that

F ( x - ’ f s . )  — F ( x , )  = _
~~ o~~s , j ~ g Io , + ~ o~ G ( v .) n - -

1 3 )  3 j j  j j  2 3 3 3

S i~ ts -~:

g~ s,  g~~s
( 4  30) 0* = 

3 3 = 
J 3

- j  2(F’(x.—s .)—F(x
1
)~~9S~ ) s~ G ( Y

1
) s

1

f e c  some y~ in the set ( 4 . 2 8 )  . the above equal i ty  and ( 4 . 3 0 )  imply tha t

F ( x . - o~~s .)  - F ( x . )  - ~ f o ~~s . f j g ;p .  0 as j

BecaUse ‘s < t h i s  completes the proof.  -

We are now ready to prove the main result of this section . r
Theorem 3

Let AssumptionS 1 and 2 and Conditions 2 and 3 be satisfied, Then for s’v ‘ - -

Ia (2.5) with + ~ 0 the following statements hold .

-37-

-= - 
- - s , ;,s,~~~I 5.M’ ,. 5 &  _ 4 5 _ 5- ,;, t - -

___ --~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ‘- ~~~~~~~~~~~~~~~~~~~~~ -~~~~~
_ --~~~~~~~~~~~



- -5,--—-- ~~~~~~~~~~~~~~~~~~ 

-5-’--- .-

-

i) The seque nces { l ~H~ l l )  and { ! IH T
1

I I )  are bounded.

f I g -  H l x ,  — z I l
i i) - _ 0 as j -

~ ‘
~
, 
j f~~~— z f j  

-
~~ 0 as j + = -

i i i )  The two sums

~ (~
j~+1H~

2 
and 

~ 

(

~x~+l _zIl)
2

~~~~ 
f g ff / 

.

~~~~~ 
f x ~ z f f

are f ini te .

iv) If  B1B2 > 0 or < 0 and y .  -* 1 as j • =, then

o .~~~~1 as j -’- and o . - * 1  as j --

where a . denotes the optimal step size. S

B
1

v) If B1B2 < 0 and y. -* — ~~
— as j -+ = then

6
2 - 

6
2

as j - ~~ and o , -~~-~~ -- as j -~ •

1 ~ ~~l

vi)  If 6162 > 0 or 6162 < 0 and y .  -* 1 as j  -* = then

3

for j sufficiently large , provided ffg4( O(v~ ).

Proof:

The f i rs t  statement of the theorem follows immediately from part ii) of Lestm a 11 and parts

i) and ii) of Lemitia 12.

Since l~ rS~ = it follows from (4.19) and (4.20) that the suits

~ (P;GP~
+ _1p~g;G~

1
g~ 

- 
2)

j=0

is finite. By LeItsltsas 6 and 11 this implies 
‘
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Fi nally we deduce front Condition I and Taylor ’s theorem the inequa l i t ies

(4 .43 )  u ; I I s~ f f “~ —s ~~l ., I q ;~1p3 I V F ( x —s3~~s3
) ‘P~ I n f I s ~ I I l s t j ;s~ I -

Theref ore the parts iv)  and v)  of the theorem are a consequence of Lemmas 1 . ,  5 I - i s

tht -c iuqh ( 4 . 4 3 )

To complete the proof of the theorem we observe that  in view of Letttnia H 5 5  - ‘ ‘ 5 5- 5 ’O

show that if we set o . = i s f ,  then the resulting y, and q . 1  satisfy ti -it- S w  ‘ i  os ’

s i t  Condition 3 for sufficientl y large.

Because ~~~~ — 

3
d

3
) ‘p

3 
— ~~~~~~~~ ~ ii and j I d

3 f~ is- it follows that I ii ,

~ 

9j + l  
— d I

({q~41 f{ I I ’ ~~+~ lf ~i

is boundt’d away fc’om zer o . By the f i r s t  part of the theorem th i s  implies tha t  S i ,  - 

I I q ~~~+ 1 II2 

— }
( q .~~1-u , d .)  ‘ H , 1  (q

1~~5 -t . d
3

)
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